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1 Introduction

The objective here is to develop a simple but physically meaningful model of the
synchronous machine, one of the major classes of electric machine. We can look at
this model from several different directions. This will help develop an understanding
of analysis of machines, particularly in cases where one or another analytical picture
is more appropriate than others. Both operation and sizing will be of interest here.

Along the way we will approach machine windings from two points of view. On the
one hand, we will approximate windings as sinusoidal distributions of current and
flux linkage. Then we will take a concentrated coil point of view and generalize that

into a more realistic and useful winding model.
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2 Physical Picture: Current Sheet Description

Consider this simple picture. The ‘machine’ consists of a cylindrical rotor and a
cylindrical stator which are coaxial and which have sinusoidal current distributions on

their surfaces: the outer surface of the rotor and the inner surface of the stator.
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Figure 1: Elementary Machine Model: Axial View
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The ‘rotor’ and ‘stator’ bodies are made of highly permeable material (we

approximate this as being infinite for the time being, but this is something that needs

to be looked at carefully later). We also assume that the rotor and stator have current
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distributions that are axially (z) directed and sinusoidal:

K® = Kgcosp
KR = Kpcosp(6— o)
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Here, the angle ¢ is the physical angle of the rotor. The current distribution on the
rotor is fixed with respect to the rotor. Now: assume that the air-gap dimension g is

much less than the radius: g << R. It is not difficult to show that with this assumption
the radial flux density Br is nearly uniform across the gap (i.e. not a function of radius)

and obeys:

OB, KS+ KR
= —pp———
IR0
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Then the radial magnetic flux density for this case is simply:

R
B, — _% (Kssinp + Kgsinp (6 — ¢))
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Now it is possible to compute the traction on rotor and stator surfaces by recognizing

that the surface current distributions are the azimuthal magnetic fields: at the surface

Hy=—K%, Hy=KFE

of the stator, and at the surface of the rotor, So at the

surface of the rotor, traction is:

R
70 =Trg = _ljsg (Kgsinpd + Krsinp (0 — ¢)) Krcosp (60 — ¢)

PEE R
The average of that is simply:

R
<79 >= —MO—KSKRsinpgb
2pg
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The same exercise done at the surface of the stator yields the same results (with

opposite sign). To find torque, use:

. R3¢
T =27R*l < 79 >= Hom
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We pause here to make a few observations:
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For a given value of surface currents Ks and Kr, torque goes as the third power of
linear dimension. That implies that the achieved shear stress is constant with machine

size. And the ratio of machine torque density to machine volume is constant.
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If, on the other hand, gap is held constant, torque goes as the fourth power  of

machine volume. Since the volume of the machine goes as the third power, this

implies that torque capability goes as the 4/3 power of machine volume.
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Actually, this understates the situation since the assumed surface current densities are

the products of volume current densities and winding depth, which one would expect

to increase with machine size. As machine radius grows one would expect both stator
and rotor surface current densities to grow. Thus machine torque (and power)

densities tend to increase somewhat faster than linearly with machine volume.
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The current distributions want to align with each other. In actual practice what is done

is to generate a stator current distribution which is not static as implied here but which

rotates in space:



KS = Kgcos (pf — wt)
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and this pulls the rotor along.

5. F—40E T s TR o i AbRE A AR — (R Y SR - — BTy
I/ NP ZE - SR e B SRR E IR A

For a given pair of current distributions there is a maximum torque that can be

sustained, but as long as the torque that is applied to the rotor is less than that value

the rotor will adjust to the correct angle.
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3 Continuous Approximation to Winding Patterns:

Now let’s try to produce those surface current distributions with physical windings. In
fact we can’t do exactly that yet, but we can approximate a physical winding with a
turns distribution that would look like:

Ng

ng = oYl cos po
Npg
ng = ﬁ cosp (0 — o)

Ns 1 Ng 53 /& € T FIE -4 aHny4a M g - Bl -
Note that this implies that Ng and Ny are the total number of turns on the rotor and

stator. i.e.:

S E

p/ nsRdf = Ng

T B AT B - HAH

Then the surface current densities are as we assumed above, with:

NIE]

Nslg NrlI

n Kr=p
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So far nothing is different, but with an assumed number of turns we can proceed to
computing inductances. It is important to remember what these assumed winding
distributions mean: they are the density of wires along the surface of the rotor and
stator. A positive value implies a wire with sense in the +z direction, a negative value
implies a wire with sense in the -z direction. That is, if terminal current for a winding
is positive, current is in the +z direction if n is positive, in the -z direction if n is
negative. In fact, such a winding would be made of elementary coils with one half
(the negatively going half) separated from the other half (the positively going half) by
a physical angle of 7#/p. So the flux linked by that elemental coil would be:

0
() = /9 / 1o H, (0O RAY
JO—m/p
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So, if only the stator winding is excited, radial magnetic field is:

Nglg

H,=- sin pf
29p
Pt AR A 4R Rl i Iy
and thus the elementary coil flux is:
NglglR
i(0) = 'uo+ cos po
p=g
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Now, this is flux linked by an elementary coil. To get flux linked by a whole winding
we must ‘add up’ the flux linkages of all of the elementary coils. In our continuous

approximation to the real coil this is the same as integrating over the coil distribution:

Mg = p/Z_ ,(6)ns(6) Rd6
2

BEREER
This evaluates fairly easily to:
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which implies a self-inductance for the stator winding of:

7 {RN?2
Ls = pom—228
S ,M04 gp2
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The same process can be used to find self-inductance of the rotor winding (with

appropriate changes of spatial variables), and the answer is:

7 (RN?
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To find the mutual inductance between the two windings, excite one and compute flux

linked by the other. All of the expressions here can be used, and the answer is:

T {RNgNp
1 g2
B FMRESI AT DIE G VB AL o W AH SRR BRI - HEETRE A

Now it is fairly easy to compute torque using conventional methods. Assuming both

M(¢) = o cos po

windings are excited, magnetic coenergy is:

1 1
W = §LSI§ + §LRJ;§ + M(¢)IsIg

FTLUBERE Ry -

and then torque is:

ow! 7(RNsNp
e e —_— I ] o
30 Hog gp sIRsinpg

T

NsIs K1 Nelg FH FHMEA -

and then substituting for Nglg and Ngl:
Ngls = 2RKg
Nrlp = 2RKpg

R SRS A AINESS T AR K S B 22—y ¢

we get the same answer for torque as with the field approach:

pom R3¢0
bg

T =27R* < 79 >= — KgKpgsinpo



4. FEREESEHIRDH

b e (R & e i P L) 28 R B 25 AR A - 3 1 [ A R B i I P i 2
& - ABRE T BA =2 MHE - MzEf BB 120°=223 srEiyged - B
=HETHREARAEHEENEREWL,) -

4 Classical, Lumped-Parameter Synchronous Machine:

Now we are in a position to examine the simplest model of a polyphase synchronous
machine. Suppose we have a machine in which the rotor is the same as the one we
were considering, but the stator has three separate windings, identical but with spatial
orientation separated by an electrical angle of 120" =2x/3. The three stator windings

will have the same self-inductance (L,).

ZHHEFHRH A GRL  WEA 120° 8% (cosine) YR - HINEE4H 2 I
FAEAHE

With a little bit of examination it can be seen that the three stator windings will have
mutual inductance, and that inductance will be characterized by the cosine of 120" .

Since the physical angle between any pair of stator windings is the same,

1
Lzzb = Lac = Lbc = _§La

IS E T A TR - DL MARREAE -
There will also be a mutual inductance between the rotor and each phase of the stator.

Using M to denote the magnitude of that inductance:

WgRNaNf
M = py———
/04 e
Mq,; = M cos(pp)

2
Myy = M cos (pgb — ?ﬂ)

2
M.y = M cos (p(b + —W>

3
TRIBERZRS 5 HASAVERER -

We show in Chapter 1 of these notes that torque for this system is:

2 2
T = —pMigiysin (pg) — pMipi g sin (pt_:'s — ?ﬂ) — pMiqigsin (pc_:'s+ ?ﬂ)
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5 Balanced Operation:

Now, suppose the machine is operated in this fashion: the rotor turns at a constant
velocity, the field current is held constant, and the three stator currents are sinusoids in

time, with the same amplitude and with phases that differ by 120 degrees.

pp = wt+0o;
iy = Iy
ia = Icos(wt)

2
iy, = JIcos|wt——
i Cos (w 3 )
2
i. = Icos (wt + —W>

3
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Straightforward (but tedious) manipulation yields an expression for torque:

T = —%pJ\LfIIf sin d;

SR PETEER ~ PRPRIE B R F AR (p 2= o) FHEIRVIE DL T > SRR
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Operated in this way, with balanced currents and with the mechanical speed consistent
with the electrical frequency (p©2= w), the machine exhibits a constant torque. The
phase angle ¢; is called the torque angle, but it is important to use some caution, as

there is more than one torque angle.

TR TR SIS - 1 A FcSioRn g -

Now, look at the machine from the electrical terminals. Flux linked by Phase A will
be:

Aa = Laiaq + Lapty + Lacic + M1y cos po
FE S R T - SAHER ZMAE - I B AHBE 2 IR B EAHSE - BT DAT]
DAREAL Ry

Noting that the sum of phase currents is, under balanced conditions, zero and that the
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mutual phase-phase inductances are equal, this simplifies to:

Ao = (Lg — Lap) iq + M1y cospp = Lgiq + M1y cos pé
AT EER Lo RACEREV R -
USRI A% e 0 e 2R R BRI R AR — 50 AR 2 Ky [F)20 1 - w] DUE IR EoR R
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where we use the notation L, to denote synchronous inductance.
Now, if the machine is turning at a speed consistent with the electrical frequency we
say it is operating synchronously, and it is possible to employ complex notation in the

sinusoidal steady state. Then, note:

iq = I cos(wt+6;) =Re {Iej’““'f’w"}

ELiE R

If , we can write an expression for the complex amplitude of flux as:

Ao = Re {Aaej‘“t}

BT PABTRL

where we have used this complex notation:

I = Tl
I — I ejom
=f f
2SR By

Now, if we look for terminal voltage of this system, it is:

dXa
dt

e Z &8 m] DU O[] 2 2 TR

This system is described by the equivalent circuit shown in Figure 2.

= Re {ijaej”t}

Vg =

JXa

<4+—

+ +
Ea/ Z

& 2 - BT A SRR
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Figure 2: Round Rotor Synchronous Machine Equivalent Cirenit
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where the internal voltage is:

E,; = jwMIpelr
“E IS R ER AL EORRIE R V EE) - U g A

Now, if that is connected to a voltage source (i.e. if V is fixed), terminal current is:

= Xy = @y BFEPVED -
Al A MHEVE DR MDAy
where X; = wL, is the synchronous reactance.

Then real and reactive power (in phase A) are:

1
P+jQ = VI
_ lz<v__EafPJ5>
2 7 X4

1 |V[2  1VE.,e°
2—jXq 2 —jXy

AL ET AR TRRIGE IR - 5355

This makes real and reactive power:

1 VE,; . .
P, = ) X, sin o
1V 1VE,
« = v — 3 5 0
@ 9%, 2 x,;

SHHEEETRT R

If we consider all three phases, real power is

11



3VEy
d

iR —hh > IS ELES v DUE (EEENE - T DUE s i -

Now, at last we need to look at actual operation of these machines, which can serve

P = sin

either as motors or as generators.

E MR B B > RN E 3 AfE 4
Vector diagrams that describe operation as a motor and as a generator are shown in
Figures 3 and 4, respectively.

\.T
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Figure 3: Motor Operation, Over- and Under- Exeited
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Operation as a generator is not much different from operation as a motor, but it is
common to make notations with the terminal current given the opposite (‘“‘generator”)

sign.
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Figure 4: Generator Operation, Over- and Under- Excited
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6 Reconciliation of Models

We have determined that we can predict its power and/or torque characteristics from
two points of view : first, by knowing currents in the rotor and stator we could derive

an expression for torque vs. a power angle:

T= —gp]\/fflf sin d;

59 > (ETEERERY TR - Al AEHIIRAY AR -

From a circuit point of view, it is possible to derive an expression for power:

3V By in g
2 Xy
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and of course since power is torque times speed, this implies that:

= f§VEaf sind = 7§p—VEaf sin &
- 2ax, 0T T Tox, O
AemEER R E LN WHEERGCE DR > NMEE B L aminan fy

ChR o DLS AR AR AR R
In this section of the notes we will, first of all, reconcile these notions, look a bit more
at what they mean, and then generalize our simple theory to salient pole machines as

an introduction to two-axis theory of electric machines.

6.1 #EA

5 JE[FIL EEHRAYEE R EE > EAUR T IR P E TR T B Eh SR
AEZEHRILE - W iEE R T 'R > SEKHILE - E{FEENEE -

Wk oA o BT AT AIREE ML Gis AR ERTBURILE - B EEUR T E
TR > DARGE T EIAE T Z ARV & » FEE THEHE Lol w8 A, 2
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6.1 Torque Angles:

Figure 5 shows a vector diagram that shows operation of a synchronous motor. It
represents the MMF’s and fluxes from the rotor and stator in their respective positions
in space during normal operation. Terminal flux is chosen to be ‘real’, or occupy the
horizontal position. In motor operation the rotor lags by angle J, so the rotor flux MIy
is shown in that position. Stator current is also shown, and the torque angle between it
and the rotor, J; is also shown. Now, note that the dotted line OA, drawn
perpendicular to a line drawn between the stator flux L,/ and terminal flux 4;, has

length:

|OA| = L4l sind; = Aysind
I TEBEE V= wA > Ea= oMl DI Xq= ol BEFAALE
Then, noting that terminal voltage V = w4,, E, = oMI;and X; = wL, , straightforward

substitution yields:

3pVE, 3 c
§pw—X;f sing = SpM Iy sin g,
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Figure 5: Synchronous Machine Phasor Addition
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So the current-and voltage-based pictures do give the same result for torque.

N B2 A TR MRS B ERGEL HE S ERAEE
BT - FAMESIRAEER © SHORENTAYER > T LU E —(HEE - 7A1&
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TEF > HITPRAVEERE
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7 Per-Unit Systems:

Before going on, we should take a short detour to look into per-unit systems, a
notational device that, in addition to being convenient, will sometimes be
conceptually helpful. The basic notion is quite simple: for most variables we will note
a base quantity and then, by dividing the variable by the base we have a per-unit
version of that variable. Generally we will want to tie the base quantity to some aspect
of normal operation. So, for example, we might make the base voltage and current

correspond with machine rating. If that is the case, then power base becomes:

PB - SVBIB
HEIRY > BHITHVEEREE -

and we can define, in similar fashion, an impedance base:

I

BEpR AR I PSR o G BE BR Ry BE B - AR B Ry BRI AR (E (A
FHRIIOTIRED) - HAIF—EHIEEERE - FEFHERFT - HFI T DUHLR-
H-GREBEREME > F = ANV IE R IEME

Now, a little caution is required here. We have defined voltage base as line-neutral and

ZB

current base as line current (both RMS). That is not necessary. In a three phase system
we could very well have defined base voltage to have been line-line and base current

to be current in a delta connected element:

I In
BA — —#—=
V3

FEEMEER T REEGER S > HEHITEEZE T 3 /& ¢

In that case the base power would be unchanged but base impedance would differ by

Via = V3Vs

a factor of three:
Pp =Vpalpa Zpan =3Zp

E A EHPUE R B IEH DT — 2 CGREE = AR HE 3Z F Y ##1Y Z2)>
Al — 2SR 2 P H T B R T =R - BE L B AR S BRI —
MBI —ICE IR ER - H-4 - G-~ 907HRE - BE - FHNEI(L - 15
LRGN (EEB R A A —(EE -

However, if we were consistent with actual impedances (note that a delta connection
of elements of impedance 3Z is equivalent to a wye connection of Z), the per-unit
impedances of a given system are not dependent on the particular connection. In fact
one of the major advantages of using a per-unit system is that per-unit values are

uniquely determined, while ordinary variables can be line-line, line-neutral, RMS,

16



peak, etc., for a large number of variations.

— PR - RV (E S R AE AT R E - I
Perhaps unfortunate is the fact that base quantities are usually given as line-line
voltage and base power. So that:
Iy — Pp ZB:VBflvBA_VB?A
V3VBA I 3Ipn  Pp
E RTINS TR E AR 228

Now, we will usually write per-unit variables as lower-case versions of the

ordinary variables:

v _r
Ve TPy L. s
RIILL o (2 250 - TBREEE YR E PR AR DR e 5K

Thus, written in per-unit notation, real and reactive power for a synchronous machine

v =

operating in steady state are:

2
Vear . - v? we
p=——Yging g=—— -

Tq Td Td

B EEEEAVE - il e T Y E TR AME D -

These are, of course, in motor reference coordinates, and represent real and reactive

cos 0

power into the terminals of the machine.
8. IEFH#EE
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8 Normal Operation:

The synchronous machine is used, essentially interchangeably, as a motor and as a
generator. Note that, as a motor, this type of machine produces torque only when it is
running at synchronous speed. This is not, of course, a problem for a turbo generator
which is started by its prime mover (e.g. a steam turbine). Many synchronous motors

are started as induction machines on their damper cages (sometimes called starting

17



cages). And of course with power electronic drives the machine can often be

considered to be “in synchronism” even down to zero speed.

Ao B e S T o [EID AT n] DAZE AR BB AR TR o IR AR
CBIREHEE (BRI ) SR FEhE (SFEMERT) FTE - MDA

EEN=PRIESTIID TG ST P ATTER

As either a motor or as a generator, the synchronous machine can either produce or

consume reactive power. In normal operation real power is dictated by the load (if a

motor) or the prime mover (if a generator), and reactive power is determined by the

real power and by field current.

6 & THFREP B BN JTA - LB R By s Fill p M1 ¢ 1Y
FFIREB AR - A8 HAt E 7 AR P TR RS AH ] - FRFIRER— RS TR &S R T
EH p Mg 1 q=-v/xg WALERE GEE BN T v=l 2 0 p
g EEMHER —E&E R vey/xq IHEFRBIGRE - (BB AT ER &
N A ERESMIERENE HE 1 (O3B ) ResmEEnIpke: - LA =5
REHVEERS] - ETHIRGEIZE—EEN (2R - 2 BESEE  H
EFRFIZH Ip+jql Frispiay BN - & & AFIER TR A/ INVARR - I A8
s it —(ERFIEHENIRER - EHRERE AN FEE 90 FEMEHEL -
HIE biga HAARRA] ] DF SR LR - Gl - RAIEZ-S AR I R O
BT (IRRIE g E) EHE - BESHE FHECESER—E - RS —ER
st B e A A i S R SR B AT A s T LR R R s & A 2 —(E Y2 Ak
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Figure 6 shows one way of representing the capability of a synchronous machine.
This picture represents operation as a generator, so the signs of p and g are reversed,
but all of the other elements of operation are as we ordinarily would expect. If we plot
p and ¢ (calculated in the normal way) against each other, we see the construction at
the right. If we start at a location g = - vz/xd, (and remember that normally v =/
per-unit) , then the locus of p and q is what would be obtained by swinging a vector of
length ve./x; over an angle J. This is called a capability chart because it is an easy
way of visualizing what the synchronous machine (in this case generator) can do.
There are three easily noted limits to capability. The upper limit is a circle (the one
traced out by that vector) which is referred to as field capability. The second limit is a
circle that describes constant Ip + jgl. This is, of course, related to the magnitude of
armature current and so this limit is called armature capability. The final limit is
related to machine stability, since the torque angle cannot go beyond 90 degrees. In

actuality there are often other limits that can be represented on this type of a chart. For
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example, large synchronous generators typically have a problem with heating of the
stator iron when they attempt to operate in highly under excited conditions (q strongly
negative), so that one will often see another limit that prevents the operation of the
machine near its stability limit. In very large machines with more than one cooling
state (e.g. different values of cooling hydrogen pressure) there may be multiple curves
for some or all of the limits.

Q WG R =
fafR
<— 5 ETFHE
ffR
P
1
X4 & E FETRR

6 [Fb BN E R E

Q
Field Limit

Stator
Limit
/ P

Stability Limit

[

i

Figure 6: Synchronous Generator Capability Diagram
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Another way of describing the limitations of a synchronous machine is embodied in
the Vee Curve. An example is shown in Figure 7 . This is a cross-plot of magnitude of
armature current with field current. Note that the field and armature current limits are
straightforward (and are the right-hand and upper boundaries, respectively, of the
chart). The machine stability limit is what terminates each of the curves at the upper
left-hand edge. Note that each curve has a minimum at unity power factor. In fact,
there is yet another cross-plot possible, called a compounding curve, in which field

current is plotted against real power for fixed power factor.
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9 Salient Pole Machines: Two-Reaction Theory

So far, we have been describing what are referred to as “round rotor” machines, in
which stator reactance is not dependent on rotor position. This is a pretty good
approximation for large turbine generators and many smaller two-pole machines, but
it is not a good approximation for many synchronous motors nor for slower speed
generators. For many such applications it is more cost effective to wind the field
conductors around steel bodies (called poles) which are then fastened onto the rotor
body, with bolts or dovetail joints. These produce magnetic anisotropies into the
machine which affect its operation. The theory which follows is an introduction to
two-reaction theory and consequently for the rotating field transformations that form

the basis for most modern dynamic analyses.

8 R R R E - AR R E Y 5% - BLETPE [
I BTG EHE S B AT RS BRI 8 R TSRS Y - (ERE5 4%
SHANGEAT SIS NI © 186 E T BEAUH I 7o B (El Ry + — M R[] 71 5 59—
{EFORE SR AL (90 FEARNL S ) - SRacEE M E &R A B HE FHVHEER (4%
ME) &R - HERESEE d-fh (Efh) 1 g-Bl (el R E R > 48R
TEHES 8 BRFASH -
Figure 8 shows a very schematic picture of the salient pole machine, intended
primarily to show how to frame this analysis. As with the round rotor machine the
stator winding is located in slots in the surface of a highly permeable stator core
annulus. The field winding is wound around steel pole pieces. We separate the stator
current sheet into two components: one aligned with and one in quadrature to the field.
Remember that these two current components are themselves (linear) combinations of
the stator phase currents. The transformation between phase currents and the d- and
g-axis components is straightforward and will appear in Chapter 8 of these notes.
HRAFHY S R KA B B (MMF) M0 38 73 il R {18 L AH =5 E Y R oy MBS —
R BB IETZIR © AE WA o7 o3 AR s B b B il 5] U7 1] - B b il a5 e 4t ]
JilE] > MEE RIS (AT E# 90 [ - %5 ¢ fURE AN a AHEISRE Z S - R a 1
BT AT Ry

The key here is to separate MMF and flux into two orthogonal components and to
pretend that each can be treated as sinusoidal. The two components are aligned with
the direct axis and with the quadrature axis of the machine. The direct axis is aligned
with the field winding, while the quadrature axis leads the direct by90 degrees. Then,
if ¢ is the angle between the direct axis and the axis of phase a, we can write for flux

linking phase a:
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As = Agcos ¢ — A\gsin¢

:dﬂa ’ jﬁﬂ¢:wt+5 )
dt

. LV _d s
Then, in steady state operation, if Vo="F andd=wt +4,

Vo = —wAgsing — w, cos ¢
(GEat - AP HFIAEESE JAUER -olising )
HE AT PUES ©

which allows us to define:

Vi = —w);
Vq = w)\d
AILEG Ry TR [mIES AT s (HEACHE) ) (A& 90 [ e
R VRIS - Wi (WSS F
one might think of the ‘voltage’ vector as leading the ‘flux’ vector by 90 degrees.

Now, if the machine is linear, those fluxes are given by:

Ao = Lalg+ MI;
A, = Ly,
—fRIME * La 2Ly BRI WHEGEI AT Lo > L, o REB K EEEE AT
h380 R HERAIE A -
Note that, in general, L; # L,. In wound-field synchronous machines, usually L, >

L,. The reverse is true for most salient (buried magnet) permanent magnet machines.
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Referring to Figure 9, one can resolve terminal voltage into these components:
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Vi = Vsind

Vy = Vcosd
or
Vi = —wlg=—wlyl, =Vsino
Vo = whg=wLlgly+wMI;=Vcoso
ERAAILIESEL
which is easily inverted to produce:
- Vcosd — Eqy
¢ Xd
Vsiné
I, = —
q Xq
3o
where

Xg=wly X,=wL, E.=wMI;
IthpR 2 DA B E T (ARSI a] DUTER (E AR 2 (EHV A IR ) - {85
B AREIEE - SR IEEHE
Now, we are working in ordinary variables (this discussion should help motivate
the use of per-unit!), and each of these variables is peak amplitude. Then, if we take

up a complex frame of reference:

Va+3Vy
= Ig+jl,

~ <
|

HETPRE

complex power is:

) 3., 3 )
P+jQ = §u = 5 {(Valg + Vq[q) + 7 (Vqu - leq)}

W :

or:
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Figure 10: Phasor Diagram: Salient Pole Machine
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A phasor diagram for a salient pole machine is shown in Figure 10. This is a little

different from the equivalent picture for a round-rotor machine, in that stator current

has been separated into its d-and g-axis components, and the voltage drops associated
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with those components have been drawn separately. It is interesting and helpful to
recognize that the internal voltage E,f can be expressed as:

Eup = B+ (Xqg — Xy) Ia
ATER E St b - FELE - £ IREIPE T FES AN ER - HEHS
X, o MAHEE T ERAIGEER o #EERA DIRE ZHRE: |
where the voltage E; is on the quadrature axis. In fact, E; would be the internal
voltage of a round rotor machine with reactance X, and the same stator current and
terminal voltage. Then the operating point is found fairly easily:

_ X I cosy
N | q
o = tan (V—i—XquingZ))

E = \/(V + X 1 sin1))® + (X1 cos ¥)?
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A comparison of torque-angle curves for a pair of machines, one with a round, one
with a salient rotor is shown in Figure 11 . It is not too difficult to see why power
systems analysts often neglect saliency in doing things like transient stability

calculations.
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10 Relating Rating to Size

It is possible, even with the simple model we have developed so far, to establish a
quantitative relationship between machine size and rating, depending (of course) on
elements such as useful flux and surface current density. To start, note that the rating

of a machine (motor or generator) is:

A g RFAE VE2FHEREGRE [ HERITRME - RIS TE
{H - B EENIEN  RRIE IR -
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where ¢ is the number of phases, V is the RMS voltage in each phase and / is the RMS
current. To establish machine rating we must establish voltage and current, and we do

these separately.

10.1 ER

(B BEAH A T 25 18 LATESZOR TR o0
10.1 Voltage

Assume that our sinusoidal approximation for turns density is valid:

N,
nq(0) = 3R cos pl

AR E TR R -
And suppose that working flux density is:

B, (0) = By sinp(t — ¢)
%ﬁ%ﬁ%’}ﬂ‘iﬁzﬂﬁc%ﬁﬂ’]% (LURARERTRERR ) - Jeat T By B AT S,

Ta'?@ =

Now, to compute flux linked by the winding (and consequently to compute

voltage), we first compute flux linked by an incremental coil:

FTLL > Wl R o S Bl i S s AL Ry -
Then flux linked by the whole coil is:

Ao = p / A na(e)RdLZ%R
_2_17

EEETER ¢ RECCHEIBERE o S BEIIR o B AR
—fHA > LLE po= ax + & UEE BRI TAREE

This is instantaneous flux linked when the rotor is at angle ¢. If the machine is

2 By cos po

operating at some electrical frequency ® with a phase angle so that pp = ot + 0, the

RMS magnitude of terminal voltage is:

W
V,=——2{RN,—
p 4 V2
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Flnally, note that the useful peak current density that can be used is limited by the

fraction of machine periphery used for slots:

Bo = By (1= )\,)
H B, EtEsRIE RIS » L 2 BT BRI PR -
where By is the flux density in the teeth, limited by saturation of the magnetic

material.
10.2 R

T 1 IHIRE) FEENEREE (ERE) 5
10.2 Current

The (RMS) magnitude of the current sheet produced by a current of (RMS) magnitude

Lis:

[ > B {E LA AU g Al s

And then the current is, in terms of the current sheet magnitude:

9
I = 2RK.——
“qN,

DIHEFEERZE Jo~ SRFEEE NI A, DARARTERE h, T RAEREE Ry -
Note that the surface current density is, in terms of area current density J, slot space
factor A and slot depth h;:

= Mg Jshs
Hﬂﬁtﬂ?%ﬂ%’fﬁ%%%ﬁﬂ“%ﬂﬁﬁﬁE’J?'E/ﬁZF“ P A A B R -

This gives terminal current in terms of dimensions and useful current density:

4R

I= mxshs.@
10.3 ZEE{H

HeF B LE AT - PR B EE RS -

10.3 Rating
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Assembling these expressions, machine rating becomes:

B,
V2
BN IRE SRR - RIENEEREL 1 RERE N IRt R By 1/4(E A
= 11) - ATRERERy

This expression is actually fairly easily interpreted. The product of slot factor

P+ Q| = qVI = %%R% Ao (1= \y) by

times one minus slot factor optimizes rather quickly to 1/4 (when A; =1). We could

interpret this as:

[P =jQ| = AsusT”
AP EMERZ ERER -

where the interaction area is:

A, =2r Rl
HARE I Z REZRE Ay -

The surface velocity of interaction is:

we=2R=QR
p

NN TERAG ) BESITIRER

and the fragment of expression which “looks like” traction is:

T = h/sjs%)\s (1—=Xs)

s R R BN A EIREES ) - N RN S A —E EREEIYEE - SRR
HEAR T G EIGE 2 AR -

Note that this is not quite traction since the current and magnetic flux may not be
ideally aligned, and this is why the expression incorporates reactive as well as real

power.

FHLEW A - B, W RERE 5 T A2 R R B RIRTS [ > HAth 5T 7%
[& 2 BB SY o hoJ, TR -

This is not quite yet the whole story. The limit on By is easily understood to be
caused by saturation of magnetic material. The other important element on shear

stress density, hyJ; is a little more involved.

30



10.4 BHizAE
ESEPE B EIE R LER
10.4 Role of Reactance

The per-unit, or normalized synchronous reactance is:

I R ) hsJs
rg=Xg— = 2
td dV pg 1- /\s \/_ Bs

BEAFERAREE > HHLEE b, GEE: OER AL FEEEH

While this may be somewhat interesting by itself, it becomes useful if we

solve it for hyJ,:

p(1 — \s)Bs
hsJa = 249 M()R—)\s\)/§
(EEaE © F9RABUER )
BERD » # xa [EE > ho (PARIIR) BHRRER ¢ AR - A7 ¢ B
PRAE - FRSCEI B Gest A R A R IR B RE S (2 2008 7 SRR - 7R
o T AR A S B R T AR VRS B » AR PRI 2 oK B T R b A hie 5 2R
A e
That is, if x, is fixed, h,J, (and so power) are directly related to air-gap g. Now, to get
a limit on g, we must answer the question of how far the field winding can “throw”
effective air-gap flux? To understand this question, we must calculate the field current
to produce rated voltage, no-load, and then the excess of field current required to

accommodate load current.
FERHE(E N - R (HSE R
Under rated operation, per-unit field voltage is:

e(QLf = 0% + (24i)% + 2z4i sin 1)

FEHEEFI T % v M1 &YE Tpu- Al

Or, if at rated conditions v and i are both unity (one per-unit), then

Caf = \/1 +ZL'3 + 2x48in
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10.5 Field Winding

Thus, given a value for x4 and , per-unit internal voltage e, is also fixed. Then field

current required can be calculated by first estimating field winding current for

“no-load operation”.

NI
B, — HodV L pn
2gp
EENEN N
and rated field current is:
If = Ifnleaf

B T EAEE LRy

or, required rated field current is:

2gp(1 — As)Bs
Noly ==

HI o Iy NSRRI Z BB AT AR Ry

Next, I can be related to a field current density:

Nps
NIy = TSARSJf

T\ Ns ZETHUGRIEE - ST RIEEVERT Ars B

where Ngs 1s the number of rotor slots and the rotor slot area Ags is

Aps = wrhp

he EETRESE > we BETHREEE

where hg is rotor slot height and wg is rotor slot width:

. 27TR)\
WR = —— AR
Nrgs

Bl
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Then:

N¢ly = nRARhRJy
HIEE RS REEE ¢ ¢
Now we have a value for air-gap g:

7 poRARRRJ};

9= 5[)(1 — )\S)BSeaf

E—S ] TR EREREER A
This then gives us useful armature surface current density:

T™ Xq AR 7
2v2€af As s

FRHELENMEREAL T AR xdey MLLOIFLUHE N CIRETRZ(E /I
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We will not have a lot more to say about this. Note that the ratio of x4/e, can be

hsJs =

quite small (if the per-unit reactance is small), will never be a very large number for
any practical machine, and is generally less than one. As a practical matter it is
unusual for the per-unit synchronous reatance of a machine to be larger than about 2
or 2.25 per-unit. What this tells us should be obvious: either the rotor or the stator of a
machine can produce the dominant limitation on shear stress density (and so on
rating). The best designs are “balanced”, with both limits being reached at the same

time.
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